Abstract. The conventional rule for differentiation by Fourier transformation of a discretized function, namely, multiplication of the Fourier transform of the function by ik and a subsequent inverse Fourier transformation, was shown to be a first-order approximation to more complete rules [1], The ik differentiation formula is an exact relation for a nondiscretized function with a continuum as its independent variable. However, this rule fails, particularly when applied to nonsmooth discretized functions of high-frequency content. A consequence of this result is that Fourier-transformed differential equations must be transformed into the Fourier space not by the ik differentiation rule, but by the appropriate correct differentiation rule if the differential equation is eventually to be solved through discretization. Helmholtz's equation is discussed, and the solution to the simple diffusion equation is presented using the exact and the approximate differentiation formulas and a high-frequency initial field.
where the spatial and spectral discretizations are related by AxAA: = 277/N,
which is the minimal relationship imposed on the uncertainties in any two dual spaces by the connection between their Fourier transforms. 
where n denotes the «th derivative and where F and F'1 represent the forward and inverse Fourier transformation operations, respectively. These expressions should be contrasted with the expression for a nondiscretized function,
[/<*)!}.
Since numerical solution of partial differential equations by digital computers always involves discretization of the functions involved, the differentiation formula (7) must be abandoned and (4)-(6) must be used to transform the particular differential equation into either the frequency or wave number domains. The method is applicable to all discretized differential equations. To illustrate the point, transform the wave equation
into the frequency domain w, which results in the Helmholtz equation
where P{x, u) is the temporal Fourier transform of P(x,t). However, by (4)-(6), the correct expressions for a discretized P(x,t) corresponding to central, forward, and backward differencing are, respectively, given by
2 P(x,u) = 0,
where again t = pAt, a = pAw, and AtAo> = 2-n/N.
Next, the diffusion equation is considered for numerical calculations. A simple numerical method of solution is presented, and the numerical solution by using the conventional ik rule is compared with the result obtained by using the central differencing rule (Eq. (4)). An ideal solution is also presented. The diffusion equation is V2P(x,t) = B2dP(x,t)/dt,
where B is taken to be a constant. When transformed into the wave number domain k, the following expression results;
where P(k,t) is the spatial Fourier transform of P(x,t). However, by (4), the correct transformation corresponding to central differencing for a discretized function P(x,t) is given by
For this example, consider the solution to the diffusion equation using a discretized delta function as the initial field, with the fields going to zero at ±(N/2)hx at all times. Both (14) and (15) 
Eq. (15) is written as Solving for P(k, tn + l) results in the expression
The solution algorithms. Using (18), the solution algorithm is as follows
«*.<.) (20)
532 BEHROOZ COMPANI-TABRIZI Starting with the initial condition P(x, 0), time stepping is then possible. Boundary conditions at jc = ±(N/2)\x in the finite model can be imposed on P(x,tn) at every time step. If (7) is used as the differentiation formula, the solution algorithm is given by P(k,tn) = FP(x,t"),
For simplicity, one-dimensional numerical examples are presented. It must be noted that the author has deliberately chosen a nonsmooth incident field containing high-frequency data, since it is the high-frequency portion of a function that renders the ik differentiation rule inaccurate. Also, it has been demonstrated that Fourier transformation of a nonsmooth function, such as a step or delta function, will produce the exact analytical Fourier transformation result if the conventional Fourier transformation is followed by multiplication by sm(%v)/{Jiv)* Since a delta function is used as the initial field, this multiplication was implemented to correct the Fourier transformations.
The exact solution to the one-dimensional diffusion equation with the initial condition i>(x,0) = S(x -x0)
and the boundary conditions lim P(x, t) = P( ± oo, t) = 0 (26)
x -■► ± 00
is found by transform methods (e.g., [2] ):
Numerical results and remarks. Numerical calculations were performed with B2 = 20 seconds/(meter)2, At = 0.01 seconds, Ajc = 2tt/N, and N = 256. The amplitude of the discretized delta function was normalized to give a unit area when integrated over the finite domain. Since Ax = 2n/N, this discretized delta function is written as
Five time steps were taken, and the results are graphically displayed in all figures. The units on the fields P(x,t) are left dimensionless in all figures and tables, and could correspond to the electric field, pressure field, etc. The Fourier transformations were done by a fast Fourier transform algorithm with a radix of 2. Exact numerical results for these calculations at t = 0.01 seconds are displayed in Table 1 Fig. 1 shows the results displayed at several times using the analytic calculations based on the ideal situations of infinite domain, jc = + oo, and a pointwise localized initial field given by P(x, 0) = S(x -32Ax).
Eq. (27) was used to calculate the fields at 128 spatial points. Exact numbers for this calculation at t = 0.01 seconds are displayed in Table 1 for 65 points.
Figs. 2 and 3 show the results of the calculation using the algorithm defined by Eqs.
(19)- (21), and Eqs. (22)- (24), respectively. From a theoretical viewpoint, the differentiation formula (4) is the correct formula to use if the numerical solution to a discretized differential equation is desired. The numerical results of this paper support this conclusion in the following sense.
(1) The analytic solution diffuses the initial fields over an infinite space -oo < x < + oo. However, the numerical solutions diffuse the initial field over a finite region. Therefore at each time, it is expected that at the peak point (x = 32Ajc) the correct numerical solution should have a higher value than the ideal analytic solution. The reformulated discretized equation results show this point.
(2) The "diffusion width-to-amplitude ratio" (i.e., the width of the field around x = 32Ax divided by the amplitude at this point) of the results obtained using the 536 BEHROOZ COMPANI-TABRIZI reformulated discretized equation more closely approximates the "diffusion width" of the ideal solution than the results obtained using the conventional formulation.
(3) The integrated (over the finite spatial domain) field should be equal to 1 at all time steps. Although the results are close, the new approach shows a slight advantage over the old one (see Table 2 ). 
